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On Professor Cay ley's Extension of Arbogast's Method 

of Derivations. 

By Morgan Jenkins, M. A. 



Professor Oayley's Extension of Arbogast's Method of Derivations (Trans- 
actions of the Royal Society, received October 18, read December 13, 1860) 
gives a method of formation and arrangement of all the combinations of a 

given degree and weight in the letters a, b, c, d, the weights of the 

successive letters being 0, 1, 2, 3, etc., by derivation from one term, namely, 
the most expanded term of the system. The principle of the arrangement is 
that the smallest change in the index of the power of any letter prevails over 
any number of changes in the indices of the powers of any subsequent letters ; 
that is, any term containing c 3 will precede any term containing <? accompanied 
by the same, or by lower powers of the preceding letters, irrespective of any 
changes which may occur in the subsequent letters. If we adopt Professor 
Oayley's comparison of this arrangement to a genealogical tree of descent in 
tail male, we may perhaps call it the genealogical arrangement. 

I propose to make some remarks with a view to facilitate Professor Oayley's 
process ; but, as it would still be subject to the difficulty referred to in the last 
two lines of his memoir, namely, " that a considerable amount of practice would 
be required before the process could be readily made use of," I propose to 
explain another process which will, I hope, be considered to have some advantage 
in respect of facility and certainty of formation, apart from the saving of time 
and space arising from the use of associated collections. 

Following Professor Oayley, we describe the final distinct letters of the term 
considered as the ultimate letter, the penultimate letter, the antepenultimate 
letter, and the proantepenultimate letter ; the words ultimate, penultimate, ante- 
penultimate, and proantepenultimate denoting the powers of those letters which 
exist in the given term. The last letter, the last but one, etc., denote the final 
letters of the series from which the letters of the term are taken. 

Arbogast's method of derivation consists in advancing a letter of the ulti- 
mate one place, if possible, that is, if it is not the last letter, and also a letter of 
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the penultimate one place, provided it is the contiguous letter or the immediate 
antecessor in the alphabet of the ultimate letter : thus, if h be the last letter, 

from df 2 g* we derive dpgh and dfg 3 , 

from dec/ 3 " " only deg 2 h, 

from d?g 2 h " " only d?gh z . 

This process is a process of dragging by means of which from one term we may 
obtain either one or two terms of one greater weight. 

A corresponding process may be applied to the beginning of a term, the 

words primary, secondary , first, second, .... taking the place of ultimate, 

penultimate , last, last but one, etc., respectively ; thus, 

from df*g* we should derive only cf*g 2 , 

from deg 3 " " " ceg 3 and dfg 3 , 

from cPg^Ji " " " only cdg 2 h, 

the terms so derived being of one less weight than the terms from which they 
are respectively derived. 

The i-everse of the dragging process will be a pushing process ; but whilst 
the constituents which are affected by the dragging process are the not-last 
ultimate and the contiguous penultimate, the constituents affected by the pushing 
process are the last-ultimate with the simple penultimate or the simple not-last 
ultimate alone, suitable changes being made in the names of the constituents 
affected if we operate on the beginning instead of the end of a term. 

If we have a combination of powers of arranged letters divided into any 
two collections, as b(?d i . . . .] [g 3 hH 5 . . . . ; and we call an end of either collec- 
tion which is also an end of the whole combination an outside end, and the 
other ends of the collections inside ends ; then, if we either drag the two 
inside ends or push the two outside ends or push the outside end of one 
collection, and drag the inside end of the other collection, we obtain a 
contraction; if we reverse the pushing and dragging we shall obtain an 
expansion. The effect either of a contraction or of an expansion is to produce 
a fresh combination having the total weight unaltered, because the weight of one 
collection is increased by one, and the weight of the other collection is decreased 
by one. In order to avoid the complication which would arise from the trans- 
ference of letters from one collection, we may make the restriction that if the 
extreme letters of the inside ends of the two collections are contiguous letters 
of the alphabet, they may be treated as final letters of their collections, and, 
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therefore, not movable out of their collections ; thus, from 5 5 c] [<Z 2 / 2 #, considered 
as a combination of two collections between a and c and between d and h 
respectively, we may, by pushing the two outside ends, or, what is equivalent, 
by contracting b with g, obtain & 4 c 2 ][c?/ 3 ; by dragging the two outside ends we 

obtain I — I jr I, the meaning of the connection being that either one of 

<- b -» *- d jg -* 

one collection may be associated with either one of the other collection. Again, 
by pushing the inside end of the right-hand collection, instead of dragging the 
outside end, we may add defg % to the derived right-hand collection. But we do 
not, at any rate at present, suppose c or d to be pushed or dragged out of its 
own collection. 

In Professor Cay ley's memoir, U, P, A, and P are used to denote the ulti- 
mate, the penultimate, the antepenultimate, and the proantepenultimate respec- 
tively ; and the rules for the application of the contractions known as reversible 
contractions are given in the following table, transcribed from the memoir : 





p 


A 


P' 


u 


U, P, non-contiguous let- 
ters. The ultimate a simple 
letter, or a power of the last 
letter. 


P, A , contiguous letters. 
The ultimate a simple letter, 
or a power of the last letter. 




p 




P, A, non-contiguous let- 
ters. Penultimate a simple 
letter. Ultimate the last let- 
ter, or a power thereof. 


A, P', contiguous letters. 
Penultimate a simple letter. 
Ultimate the last letter, or a 
power thereof. 



This table will be found equivalent to a combination of the pushing and 
dragging rules when the given term is divided into two collections in two 
different ways, first by cutting off U, and then by cutting off P, ZJfrom the given 
term ; if we then push U or P, U from the outside end, and drag .... PAP 
or PA from the inside end, attending to the restriction above stated in regard 
to inside ends, we shall obtain the rules of the table. 

For, from .... AP~]\U we shall obtain the contraction ZIP if U, P satisfy 
the conditions of the left-hand column of the table. Prom .... PA~\\_PU we 
shall obtain the contraction JJA if U, P and A satisfy the conditions of the 
upper portion of the middle column of the table ; and so on through the other 
two cases of the table. 
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No proof of the rules is offered because they are proved in the memoir 
from which the table is taken. 

The chief difficulty in practice, in forming the genealogical arrangement by 
means of reversible contractions, will probably be found in correctly applying 
the general direction which follows the table ; that is to say, " The contractions " 
(not more than 3 in number, because the conditions for the contractions UA, PA 
are mutually exclusive) "are to be applied in the order UP, UA, PA, PP ; 
but all the contractions originating in a prior contraction of a given term are to 
be exhausted before proceeding to a posterior contraction of the same term." 

The last part of this direction will be found equivalent to the statement 
that where the last part of a combination is incontractible in consequence of it 
containing only powers of two contiguous letters, or less than this as a limiting 
case, we must go back to the earliest preceding term which contains the previous 
part of this combination unaltered, and contract the last letter of this previous 
part with the nearest non-contiguous letter. 

Examples may be taken from the following complete genealogical arrange- 
ment of combinations of letters having total weight equal to 17, degree equal to 
6, and extent equal to 7. 



a'dh % 


ab 3 W 


a&dFh 


b 2 ce 2 f 


egh 


aVcgh 


deg 


bH 3 g 


fh 


djh 


df 


d?ef 


fg 2 


dg> 


a<?if 


de 3 


Q?OCtf 


e*h 


accPg 


bc 3 dh 


ofbdgh 


efg 


d?ef 


e g 


efh 


aVf 


de 3 


P 


eg 2 


ab&fh 


ad 4 f 


b<?d?g 


fg 


g % 


acPe 2 


def 


a 2 <?gh 


abcdeh 


Vgh 


e 3 


cdfh 


fg 


b 3 cfh 


bcd?f 


cd(f 


abce^g 


g* 


d?<? 


c#h 


ef 


b 3 deh 


bd*e 


™fg 


abd 3 h 


fg 


c*h 


ef 


d?eg 


b 3 e?g 


c 4 dg 


a % d?eh 


d?f 


ef 


ef 


a*fg 


abde 2 f 


b 2 <?eh 


c 3 cPf 


de*g 


abe 4. 


fg 


de 2 


def 


ac 3 eh 


b 2 cd?h 


tfcPe 


a?e 3 f 


fg 


deg 
df 


cd 5 
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If we take the term aV/, e 3 / cannot be contracted, the earliest preceding 
term containing a 2 is cPbcW, from which, by contraction of a with c, we obtain 
ab z W, which is the next term ; or again, if we take the term ab*f s , f 3 cannot be 
contracted, being a limiting case of a sequence in powers of e and/, the earliest 
preceding term containing ab % is ab 2 cgh, from which, by contraction of b with g, 
we obtain ab(?fh, which is the next term. 

The contractions made according to the rules of the table are called rever- 
sible because, by expansion of the last two letters exclusive of the last, in the 
derived terms we revert to the generating term. Thus the individual denoted 
by cfcdfh has 3 sons denoted by a 2 cdg 2 , a?ce%, and cPcPeh, because, by the rules 
of the table, 3 contractions can be made on atcdfh ; and it is indicated that these 
3 are brothers by the fact that, by expansions performed upon g % , e a and de 
respectively, we revert to the same term a 2 cdfJi. 

But we may not have the preceding terms written out, and may desire to 
obtain the next succeeding term to a given term without resort to the preceding 
terms. For this purpose we may either use an arithmetical formula or combine 
a non-reversible contraction with the greatest amount of expansion of the latter 
part of the term on to which the earlier letter of the contracted pair is thrown, 
which is consistent with the non-disturbance of the letters of the former part 
from which the earlier letter of the contracted pair is taken. To obtain the 
requisite arithmetical formula we must note that if W be the total weight of a 
given combination of letters, S the sum of the indices or degree, and E the 
extent or weight of the last letter when the weight of the first letter is zero, the 
most contracted term is expressed by the formula 

and the most expanded term by the formula 



(*)■ 



where i" and B are used to denote the integral quotient and the remainder in 
the division expressed by the fraction which follows those letters. 

To apply these formulae, suppose we take the term abe*; here e 4 being 
incontractible, we wish to expand it to the utmost extent consistent with the 
non-disturbance of ab. Therefore, taking c for first letter, the weights of e and 
h are 2 and 5 respectively. Hence, using accented letters for the weight, degree 
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and extent of e 4 when ah is rejected, W is equal to 8, /S" to 4, jB' to 5, 

I(~k) to 1. -ff 4 k) t° 2 > -R(~k) *° 3 - Th* 8 gives <?fh as the most ex- 
panded term between c and h which is to be derived from e i . Hence ah<?fh is 
the earliest term containing ah ; and from it, by contracting h with /, we obtain 
a&eh, which is the next term to ahe i . 

Or we may expand e 4 to the utmost extent between c and h by any expan- 
sions in any order. Thus from e 4 we should obtain in succession dVf, d 2 / 2 , c?g 2 , 
<?fh, and then proceed as before. It may be noticed that the most contracted 
term formula shows what is also evident from the method of contraction, that 
the most contracted term is the same whatever the first and last letters may be, 
and may therefore be obtained from the formula most conveniently by consider- 
ing the primary letter to be the first letter and the ultimate letter to be the last 
letter. 

Also, in the formula for finding the most expanded term in general, 

I(S — ~W ) an< * ^vlz) are to S etner e( l ua l to 8 — !> and, with the interme- 
diate simple letter of weight Bl-^-j, make up the degree S; but if W is a 

multiple of E, the intermediate simple letter disappears, and I(S =-) and 

I( -=-J are together equal to iS. 

I now go on to another mode of arrangement, illustrated by an example in 
the form of a table preceding the explanation. 
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ac 

b 2 








d° 







ab 



d s e 



d 8 / 
dV 



6c 2 d 8 



ac 2 
6 2 c 








d 7 e 







abo 
b 3 



d 5 e 2 




d'g 

d'ef 

d 5 e 3 







d'fi, 
d 6 egr 

d 8 / 2 

d 5 e 2 / 

d 4 e 4 


a 2 6 









d e eh 


d e fg 


d 5 e 2 gr 


d 5 e/ 2 


d 4 e 3 / 


d 3 e 5 



c 4 d' 
6c 3 d 6 e 



a 2 5o 
aft 3 



ac 3 

6 2 c 2 




d 8 / 
d 5 e 2 












a6e 2 
6 3 c 




d 6 gr 

d 5 e/ 

d 4 e 3 
















d 8 ft 

d 5 egr 

d 5 / 2 

d 4 e 2 f 

d 3 e 4 


a 2 c 2 
a6 2 c 
6 4 





d 5 eA 

d 4 e 2 gr 
d 4 e/ 2 
d 3 e 3 / 
d 2 e 5 







d 5 /fe 

d 5 2 

d 4 e 2 fc 

d'efg 

d 4 / 3 

d 3 e 3 gr 

d 3 e 2 / 2 

d 2 e 4 / 

de 8 


a 3 c 

a 2 6 2 













d 5 grfc 




d 4 e/fc 




d 4 eflf 2 






d*fg 

d 3 e 3 h 

d 3 e 2 fg 

d z ep 


a 3 6 










d 2 e 4 g 




d 2 e 3 P 




de s f 






e' 







d 5 h 2 

d 4 egh 

d*Ph 

d*fg 2 

d 3 e 2 fh 

d 3 e 2 fif 2 

d 3 ep g 

d 3 P 

d 2 e i h 

d 2 e 3 fg 

d 2 e 2 P 

de^g 

cte 4 / 2 

e 8 / 


a 4 
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e'd 5 


e 






d 5 / 
d 4 e 2 


be* 













d*g 

d*ef 

d 3 e 3 


ac* 

b 2 e 3 













d 5 h 

d*eg 

d*P 

d 3 e 2 f 

d'e* 


abe 3 

b 3 e 2 









a 2 e 3 


ab 2 e 2 


6 4 e 





d*fh 


d*g 2 


d 3 e 2 h 


d 3 efg 


d 3 P 


d 2 e 3 g 


d 2 e 2 P 


de*f 


e 6 







d*gh 

d 3 efli 

d"eg 2 

d 3 Pg 

d 2 e 3 h 

d 2 e 2 fg 

dHp 

de*g 

de 3 P 

e 5 / 


a 3 e 2 

a 2 b 2 c 

ab* 









a 3 bc 
a 2 b s 








d 3 eh 2 






d 3 fgh 

d 3 g 3 

d 2 e 2 gh 

d 2 eph 

d 2 efg 2 

d 2 Pg 

de 3 fli 

de 3 g 2 

de 2 Pg 

dep 

e 5 h 


a 4 e 
a 3 b 2 












e 4 fg 

e 3 f 3 







d 3 fh 2 

d 3 g 2 h 

d 2 e 2 h 2 

d 2 efgh 

d 2 eg 3 

d 2 f*K 

d 2 Pg 2 

de 3 gh 

de 2 p'h 

de 2 fg 2 

dePg 

dp 

e*fh 

eV 

e 3 pg 

e 2 P 


a'b 













d 3 gh 2 




d 2 efli 2 




d 2 eg 2 h 




d 2 Pgh 




d 2 fg 3 




de 3 h 2 






de 2 fgh 
de 2 g 3 
deph 
dePg 2 


a 6 










dpg 




e i gh 




e 3 ph 




e 3 fg 2 




e 2 pg 






ep 
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d*f 
d 3 e 2 


c 6 


— 














d*g 

d 3 ef 

d 2 e 3 


6c 5 


— 














d 4 h 

d 3 eg 

d 3 P 

d 2 e 2 f 

de 4 


ac 5 
b 2 c 4 
















d 3 eh 

d 3 fg 

d 2 e 2 g 

d 2 eP 

de 3 f 

e 5 


abe i 
b 3 c 3 













d 3 fh 

d 3 g 2 

d 2 e 2 h 

d'efg 

d*f» 

de 3 g 

de*P 

e 4 f 


a 2 c 4 

ab 2 c 3 

b 4 c 2 













d 3 gh 

d 2 efh 

d 2 eg 2 

d*Pg 

de 3 h 

de 2 fg 

deP 

e 4 g 

e 3 P 


a 2 be 3 
ab s c 2 
6 5 c 













d 3 h 2 

d 2 egh 

d 2 Ph 

d 2 fg 2 

de 2 fh 

de 2 g 2 

depg 

dp 

e 4 h 

e 3 fg 

e 2 P 


a 3 e 3 
a 2 b 2 c 2 
ab*e 
b e 













d 2 eh 2 

d 2 fgh 

d 2 g 3 

de 2 gh 

def 2 h 

defg 2 

dpg 

e 3 fh 

e 3 g 2 

e 2 Pg 

ep 


a 3 bc* 
a % b 3 c 
ab 5 













d 2 fh* 

d 2 g 2 h 

de'h* 

defgh 

deg 3 

dph 

dPg* 

e 3 gh 

e 2 Ph 

e 2 fg 2 

ePg 

P 


a 4 c 2 

a 3 b 2 e 

a*b 4 













d*gh 2 

defh 2 

deg 2 h 

dPgh 

dfg 3 

e 3 h 2 

e 2 fgh 

e 2 g 3 

ePh 

epg 2 

f'g 


a 4 be 
a 3 b s 









ore 
a 4 b* 



a 5 6 







dfh 3 

dg 2 h 2 

e 2 h 3 

efgh 2 

eg 3 h 

ph 2 

Pg 2 h 

fg 4 


a 6 
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h 


d 3 g 

d 2 ef 

de 3 


c' 














d 3 h 

d 2 eg 

d 2 P 

de 2 f 

e 4 


6c 8 














d 2 eh 
d 2 fg 
de 2 g 
def 2 
e 3 f 


ac 6 
6 2 c 5 









d 2 fh 

d 2 g 2 

de 2 h 

defg 

dP 

e 3 g 

e 2 P 


abc s 
6 3 c 4 













d 2 gh 
defh 
deg 2 
dPg 
e 3 h 

e 2 fg 

e p 


a 2 c 5 

ab 2 e i 

6 4 c 3 













d 2 h 2 
degh 
dph 
dfg 2 
e 2 fh 
e 2 g 2 
ePg 

p 


a 2 bo i 
ab 3 c 3 
b 5 c 2 













deh 2 

dfgh 

dg 3 

e 2 gh 

eph 

efg 2 

Pg 


a 3 c i 
a 2 b 2 c 3 
c* 4 c 2 
b 6 c 
















dfh 2 

dg 2 h 

e 2 h 2 

efgh 

eg 3 

Ph 

Pg 2 


a 3 bc 3 

a 2 b 3 c 2 

ab 5 c 
















dgh 2 
efh 2 
eg 2 h 

Pgh 
fg 3 


a*e 3 
a 3 b 2 o 2 
a 2 b 4 c 
titf 
















dh 3 

egh 2 

Ph 2 

fg*h 
g* 


a 4 bc 2 
a 3 b 3 e 
a 2 b 5 












a 5 c 2 

a 4 6 2 c 

a 3 b* 




eh 3 

fgh 2 
g 3 h 




a 6 be 
a 4 6 3 




fh 3 

g 2 h 2 








a 6 c 
a 5 6 2 




■ — 


gh 3 










a 6 6 




h* 







d 2 h 
deg 
dp 
e 2 f 


c 8 













deh 
dfg 
e 2 g 
ef 2 


6e' 













dgh 
efh 
eg 2 

Pa 


abe 6 
& 3 c 5 










a 3 c 6 


a 2 5 2 c 4 


a6 4 c 3 


6"c 2 



fh 2 

g 2 h 



tfbc 1 
a 2 b 3 e 3 
ab 5 e 2 
6'c 








gh 2 







o 4 c 4 

a 3 & 2 c 3 

aWc 2 

ab e c 

b 3 








h 3 







eh 

fg 



bo 3 



y 



fh 



ac* 

6 2 c' 








gh 









dfh 
dg 2 
e 2 h 

efg 

P 


abc' 
b 3 c e 












h 2 


ac 1 
b 2 c e 
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In this table 

W=29; S=ll; E=7; j(g) = 2; 2*(*) = 7; n-J2(^) = 4. 

Hence the most contracted term is c 4 o7. 

The system of combinations of different letters of given weight, degree 
and extent (which is equivalent to a system of partitions, when multipliers are 
substituted for the indices) is arranged in what is intended to be eight columns ; 
but some of the columns, on account of their length, are broken up, the original 
columns being separated by divisional lines. 

The column first formed is not that placed at the left-hand side, but the one 
which is headed tfcF. This is supposed to be divided into two collections which 
are considered to be quite distinct. The outside ends of these are dragged 
simultaneously according to Arbogast's method of derivations, and the derived 
terms are put down in associated collections, as in the table. All the left-hand 
collections are between a and c, of degree 4; all the right-hand collections are 
between d and h, of degree 7. All the collections so formed are complete 
collections, because they are formed from complete collections by Arbogast's 
method, c 4 is a complete collection of its own weight and degree between the 
letters a and c ; and, being a power of the highest letter in its own collection, all 
terms of lower weight having the same degree and extent can be derived from 
it by Arbogast's method, that is, by dragging towards the lower end ; similarly 
for d 1 , interchanging lower and higher, etc. The total weight of the associated 
collections is unaltered, because at every simultaneous double derivation the 
weight of one collection is increased, and the weight of the other is decreased 
by one. 

If we started at the other end of the column and had given a 4 as one com- 
plete collection, and also all the terms of the associated complete collection 
between its most expanded term d?7i % and its most contracted term e 6 /, we could, 
by the reversal of Arbogast's method, that is, by double outside pushing, obtain 
the whole column in reversed order. 

We have next to explain and prove the method of formation of the adjacent 
columns. 

Let 



W'+l, S' 




W" — l, S" 


W, S' 


W", S" 



represent two associated pairs of complete 
collections of letters, the capital letters inside the boundary lines expressing the 
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weight and degree of the respective collections, the boundary lines themselves 
expressing that the collections are complete ; and, for brevity, let c be taken for 
the last letter of the left-hand collection, d for the first letter of the right-hand 

collection, as in the table. If we remove a letter d from 



W", S" 



, we may 



balance this by adding c to W + 1 , S' , because c + 1 is equivalent to d, and we 



shall thus have obtained a portion of W + c + 1 , S' + 1 — W" — d, S"—l 



but only a portion, because, though the right-hand collection is a complete collection, 
yet the left-hand collection only includes those terms which actually contain c. 
That the right-hand collection is a complete collection follows from the fact that 

there is no term of 



W" — d, S»—l 



which cannot be obtained from some term 



of 



W", S" which does contain d by the removal of a letter d. 



To obtain those terms of 



W'-\-c + 1, /$"+ 1 which do not contain c, we 



go back to the next higher left-hand collection in the previous column, namely, 
to W + 2, S' , pick the terms in it which do not contain b and add b to them ; 

which 



we thus obtain those terms of W + c + 1 , S' + 1 



or 



W' + d, S'+l 



do not contain c, but which do contain b; there are still required to be found 
those terms which contain neither b nor c, but which do contain a; for these we 
take those terms in W + 3 , S' which contain neither b nor c and add a to them, 



and so on. In this way we should obtain an associated pair of complete collec- 
tions, \W'—d, S'+l\— [ W"+d, S"—T\ ; and from this, by double outside 



dragging, we could complete the portion of the column in which the left-hand 
collection has its weight less than W — d, and the right-hand collection has its 
weight greater than W" + d. The other portion of the column may be obtained 
by double outside pushing instead of dragging. It will be most convenient to 
take for W'+ 1, 8' that left-hand collection which has the greatest weight for 



the degree S'. For, in this case, W'+ 2, S' , etc., having no existence, we 



need only add letters to one left-hand collection. Thus, in the table, from 

c 4 d 1 

be 3 d s e ' ^ cuttm g off d from d e e and attaching c to c 4 , we obtain c^d?e ; and from 

this, by double outside dragging, the whole of the remainder of the column 
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headed by c 5 d 5 e. The collections of this column have the degrees 5 and 6 
respectively instead of 4 and 7 respectively. 



Again, from 



c 5 




d?e 


be 4 




d*f 



, by removing a letter d from 



dy 
dv 



and adding a 



letter c to c 5 , we obtain c 6 



#f 

cPe 2 



and from this, as before, we can obtain the 



whole of the remainder of the column. 

Similarly, from the column whose collections are of degrees S' and S" 
respectively, we can form the column whose collections are of degrees S' — 1 , 



S" + 1 respectively, by removing a letter c from W, S' and adding a letter 
d to W" — 1 , S" with the corresponding additions where necessary. Thus, in 



the table, from , 3 , 6 , by removing a letter c from b<? and adding a letter d to 

d 7 , we obtain bc 2 d 8 ; and from this, as before, we can obtain the rest of the 
column whose collections are of degree 3 and 8 respectively. 

It may be considered easiest to obtain independently as much as possible 
of one column from a contiguous column, and then obtain the rest, if necessary, 
by dragging. Thus, from the bottom pair or expanded end of the column 
whose collections are of weight 6 and 5 respectively, by removing d from those 



fh 3 
gW 



, which is a 



terms of the right-hand collection which contain d, we obtain 
complete right-hand collection in the next column. 

To obtain the associated left-hand collection we add c to a 5 6 ; also b to a 4 6 2 , 
the term in the preceding left-hand collection which does not contain c. The 



next preceding left-hand collection 
Hence 



a?bc 
a 4 b s 



fh 3 
g*h> 



a%c 



a' 



has no terms containing neither b nor c . 



is the associated pair which is formed in the next column. 
All the rest of the column which is towards the top or contracted end may be 
formed in a similar manner; but the remaining two pairs c , 1 — gh 3 and 



a 



¥ 



must be obtained by dragging. 



a?c 
a*b* 








gh 3 







Vol. X. 



